In this study, we introduced new integral inequalities of Hermite-Hadamard type via s-convexity and studied their properties. The absolute form of the first and second derivatives for the new inequalities is considered to be s-convex. As an application, the inequalities were applied to the special means of real numbers. We give the error estimates for the midpoint formula.
Introduction
Due to the significant roles played by convex functions, they exist in many fields of studies including life and management sciences, engineering and optimization [1, 2] . For example, extended and generalized classical convexities are frequently applied in mathematics and optimization inequalities. The theory of convexity is linked with that of inequalities. Therefore, many existing inequalities, reported in the literature, emerged from convex functions [3] [4] [5] . One of such fundamental inequalities that have been widely reported in the literature is of the Hermite-Hadamard type. We consider a function ψ : E ⊆ R → R, u, v ∈ E with u ≤ v, convex if and only if,
This inequality, representing a second sense of s-convexity, is often represented by K 2 s . When s = 1, the s-convexity remains as for the ordinary function on the interval [0, ∞).
Given the generalization of inequalities, Dragomir and Fitzpatrick studied a Hermite-Hadamard type in the second sense for an s-convex function [3] .
Theorem 1 Let ψ : [0, ∞) → [0, ∞) be an s-convex function in the second sense, whereby s ∈ (0, 1], and u, v ∈ [0, ∞), u < v. If ψ ∈ L 1 [0, 1], the following inequalities hold:
The constant Λ = 1 s+1 makes the above inequality sharp, which is the best possible in the second inequality in (3) .
The two inequalities for differentiable convex mapping of Hadamard type were introduced by Dragomir and Agarwal [9] ; the results can be proved by applying the following lemma.
Lemma 1 Suppose ψ : E ⊆ R → R is a differentiable mapping on E • , and u, v ∈ E with u ≤ v, then we have
Here, E • indicates the interior of E. The other general result connected to (4) was studied in [10] . The formula given in the next lemma can be found in [3] .
In [5] , Dragomir and Pearce established Hadamard-type inequalities for differentiable convex mapping. The following lemma was used to derive the inequalities.
The generalization of inequality (1) for different convexity, such as s-convex, r-convex and m-convex functions, have been studied by a number of mathematicians. The theorem on how some of the convex functions are formulated is given by Kirmaci in [11] . In [12] , the authors introduced a new improvement of the Hermite-Hadamard inequality on a coordinated convex function.
In [13] , a presumably new Hermite-Hadamard-type inequality was established by Mehrez and Agarwal, whose finding is reported in the next theorem.
, then we have the following:
This paper is aimed at establishing some new integral inequalities for s-convexity linked with (1) . Even though the newly established inequalities are generalized forms of Theorem 2, they can be of the form of a class function with first and second derivatives for s-convexity in the second sense. As an application, the inequalities for special means are derived. Error estimates for the midpoint formula are also studied here.
Main results
The main result can be confirmed by applying the next lemma.
If ψ is an s-convex function whereby s ∈ (0, 1], we obtain the following:
and
Proof By changing the variable
which is similar to that reported in [13] .
Using the second and third parts of inequality (3), we get
Considering (8) and (9), the proof of inequalities (6) and (7) is complete.
Applying the following theorem, we obtained a new result of Hermite-Hadamard-type inequality for s-convexity.
, for some fixed s ∈ (0, 1), then we have the following:
Proof Using Lemma 2, we have
From (8) and (11), we get
In the first case, we take q = 1. We know that |ψ | is s-convex on [ 3u-v 2 , 3v-u 2 ], and for any t ∈ [0, 1] we obtain
Therefore,
Analogously,
where
Thus, from the inequalities (13) and (14), we obtain
Now in the second case, taking p =-1 , when q > 1, we apply the Hölder inequality as follows:
Equivalently, we obtain
Hence, from the inequalities (12), (15) and (16) we get the following:
completing the proof of this theorem.
Thus, Theorem 3 is a generalization of Theorem 2. Using a different approach, we get the result given in the next theorem.
, for some fixed 0 < s < 1, and q ≥ 1, we obtain the following inequality:
Proof In view of (15), (16) and (12) we have
where 0 ≤ r < 1, u 1 , u 2 , . . . , u n ≥ 0 and v 1 , v 2 , . . . , v n ≥ 0, we get
completing the proof of Theorem 4.
Under some conditions applied on the function |ψ |, the numerical and analytical comparison between inequalities (5) and (10) was performed as an example. Therefore, the second part of inequality (10) is better than that of inequality (5) when q = 1 and q = 2.
, for some fixed s ∈ (0, 1), then we get the following inequality:
Proof Again, by the Hölder inequality, we get
for any t ∈ [0, 1]. Therefore,
Similarly, we get
(20)
Finally, from (12), (19) and (20) we obtain the desired result.
, then the following inequality holds:
Proof We consider inequality (18) given as whereby 0 ≤ r < 1, u 1 , u 2 , . . . , u n ≥ 0 and v 1 , v 2 , . . . , v n ≥ 0, we obtain
A variant of the Hermite-Hadamard-type inequality involving a first derivative for powers in terms is given as follows.
for some fixed s ∈ (0, 1) and q ≥ 1, then we get the following inequality:
Proof Applying Lemma 1, we obtain
From (8) and (23), we have
In the first case, we take q = 1. We know that |ψ | is s-convex on [ 3u-v 2 , 3v-u 2 ], we get
for any t ∈ [0, 1].
Combining the inequality (24) and (25), we get the inequality (22), which holds for q = 1. Now in the second case, take p =-1 , when q > 1. Using the well-known Hölder inequality we obtain
From (24) and (26), we obtain
completing the proof of Theorem 7.
Proof From Lemma 3, we get
In view of inequalities (8) and (28), we obtain
Considering the fact that the given function |ψ | is s-convex on [ 3u-v 2 , 3v-u 2 ], we have
By a simple computation, The other type is obtained using the next theorem; the gamma function can be defined as follows:
, for some fixed 0 < s < 1 with 1 p + 1 q = 1, we have the following:
Proof Since |ψ | q is s-convex, we obtain
Using both (32) and the Hölder inequality, we get
In view of inequalities (29) and (33), we have the first inequality in (31). Now, for the second inequality in (31) we use the following facts: ( 1 s+1 ) 1 q ≤ 1, s ∈ (0, 1] and q > 1, completing the proof.
Proof This results from Theorem 9, using ( 1 s+1 ) 1 q ≤ 1, s ∈ (0, 1] and q > 1.
A different Hermite-Hadamard-type inequality involving a second derivatives for powers in the terms is given as follows.
, for q > 1 and for some fixed 0 < s ≤ 1 with 1 p + 1 q = 1, we obtain the following:
Proof From (29) and the Hölder inequality, we get
The arithmetic mean:
2. The geometric mean:
3. The logarithmic mean:
4. The generalized logarithmic mean:
Using the results obtained in Sect. 2, and the above applications of the means, we get the following proposition.
Proposition 1 Suppose that m ∈ Z \ {-1, 0} and u, v ∈ R such that 0 < u < v, we get the following:
Proof This follows from Lemma 4 and Theorem 3, which apply for ψ(x) = x m and m as specified above.
Proposition 2
Suppose that m ∈ Z \ {-1, 0} and u, v ∈ R such that 0 < u < v, we obtain the following:
Proof This follows from Lemma 4 and Theorem 3, which apply for ψ(x) = 1 x 2 . 
The midpoint formula
Let h be a partition u = z 0 < z 1 < · · · < z m-1 < z m = v of the interval [u, v] ; we consider the following quadrature formula: 
Proof From Lemma 4, we obtain
.
On the other hand, we have )| 2(s + 1)
